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Abstract. An evolution problem for abstract differential equations is studied. The typical problem 
is: 

u = A(t)u + F(t,u), t > 0; m(0) = uq; il = — (*) 

Here A(t) is a linear bounded operator in a Hilbert space H, and F is a nonlinear operator, \\F(t, u) \\ < 
co|M| p , p > 1, co,p = const > 0. It is assumed that Re(A(t)u,u) < — y(?)||w|| 2 Vw E H, where 
y(t) > 0, and the case when lim^c j{t) = is also considered. An estimate of the rate of decay 
of solutions to problem (*) is given. The derivation of this estimate uses a nonlinear differential 
inequality. 
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1 Introduction 

Let 

u(t) =A(t)u + F(t,u), t>0; u(t):=u= — , (1.1) 

dt 

w(0) = wo, (1.2) 

where u G H, H is a Hilbert space, A(t) is a bounded linear operator in H, F(t,u) is a nonlinear 
operator, 

II^MII <c ||w|| p , p>l, (1.3) 

Co and p are positive constants, and «o £ H. 

One says that A (f) G B(p,N) if every solution to the equation 

v(t)=A{t)v (1.4) 

satisfies the estimate 

\\v{t)\\<Ne p ^\\v{s)\l t>s>0, (1.5) 
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where N > and p are real numbers. This definition is discussed in 12 and goes back to P. Bohl 
(see the historical remarks in fl]). If U (t,s) is an operator that solves the problem 



U(t,s)=A(t)U(t,s), t>s; U(s,s)=I, (1.6) 

where / is the identity operator, then (11.51 ) is equivalent (by the Banach-Steinhaus theorem) to the 
estimate 

\\U{t,s)\\ <Ne p ('- s \ t>s>0. (1.7) 
Let us define, following [i ll], the notion of upper general exponent K for the solutions to (11.41) : 

K =m l ^M±fM i M > . d.8) 

If K < 0, then ||v(?)|| = 0(e~^') as t ->■ °°, s being fixed. 

The following result is obtained in (J, Theorem 3.1, Chapter 7. 

Proposition 1.1. If K < and assumption (11.31) holds, then the zero solution to equation (11.11) jj 
asymptotically stable. 

Recall that the zero solution to equation (11.11 ) is called Lyapunov stable if for every e > 0, one 
can find a 8 = 8(e) > 0, such that if ||wo|| < 8, then the solution to problem (11.11 )— (11.21 ) satisfies 
the estimate sup, >0 ||m(/)|| < £. If, in addition, liim^^ ||w(/)|| = 0, then the zero solution to equation 
(11.11 ) is called asymptotically stable in the Lyapunov sense. 

As one can see from our proof of Theorem 1.2, the condition of smallness of the initial data 
1 1 "oil < & can be replaced by a different condition: if ||»o|| is arbitrary fixed, then one still derives 
the relation limbec ||«(0ll = from (12.81) (see below), provided that cq is sufficiently small. 

In Proposition 1.1, the exponent K < is a constant. For example, if A(t) =A*(t) is a selfadjoint 
compact operator, and Xj(t) are its eigenvalues, Xj(t) < X m (t) < if j > m, j = 1,2,3,..., then 
Xi(t) <K<0. 

Our goal is to derive an analog of Proposition 1.1 such that limbec X\ (t) = is allowed, that is, 
we do not assume that the spectrum o(A(t)) of A(t) lies in a half -plane Re z < K, where K < is a 
fixed constant independent of t. 

It is known (see, e.g., CQ) that if A is a bounded linear operator in H with the spectrum cr(A), 
which lies in the half -plane Re z < — \k\, \ k\ > 0, then there is a positive-definite operator W such 
that ReWA = —V, where V is an arbitrary given positive-definite operator in H. In other words, if 
m = const > 0, a (A) C {z : Rez < — |k:| < 0} and V = V* > m> 0, that is, (Vu,u) > m(u,u) Vm G H, 
then the operator equation A*W + WA = —2V is solvable for W. In fact, there is an explicit formula 
for W: W = 2 £ e At, Ve At dt (see Ql). By ReA one understands the operator defined by the formula 
ReA := Ar := (A + A*)/2, and A = Ar + iAj, where Ar and A/ are selfadjoint operators that are 
called the real and imaginary parts of A. If Ar < —a,a = const > 0, then c(A) lies in the half-plane 
Re z < —a. The notation A < —a means (Au, u) < —a(u, u) Vm G H. 

The converse is not true: it is not true that if the spectrum of a linear bounded operator A 
lies in the half-plane Re z < —a, then the inequality Ar < —a holds. A simple counterexample is 

given by the following 2x2 matrix A in E 2 , A = ( ^ 1 ) ' e i§ enva l ues °f tn ^ s mau "ix are 



—0.5±iy/ab — 0.25, and if ab > 0.25, then the spectrum a (A) of A lies in the half -plane Rez < —0.5. 
On the other hand, if, for example, a = 1 and b = 5, u\ = u% = 0.5, then (Aru, u) > 0. 

Inequality Re(A«,«) < means that the operator A (?) is dissipative. Such operators often arise 
in applications (see, e.g., ||9l)- The dissipativity property, defined by the above inequality, usually 
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means that the energy in the system is dissipating, that is, the system is passive. In Q a wide class 
of passive nonlinear networks is studied, see also 00 > Chapter 3. 

Our basic results on the stability of the solutions to problem dl.lMl.2b with dissipative operator 
A(t) are formulated in Theorems 1.2 and 1.4. Theorem 1.2 contains an auxiliary result used in the 
proofs of Theorems 1.2 and 1.4. This result is of interest by itself and useful in applications. 

Theorem 1.2. Assume that Re (Au,u) < — \k\\\u\\ 2 for every u £ H and inequality (1 1.3b holds. Then 
the solution to problem dl. lb — (11.2b satisfies an estimate ||m(/)|| = 0(e^^ K > e '') as t — > °°. Here 
< £ < | k\ can be chosen arbitrarily small if ||uq|| is sufficiently small. 

This theorem implies asymptotic stability in the sense of Lyapunov of the zero solution to equa- 
tion (1 1 . 1 b . Our proof of Theorem 1.2 is new and very short. 

We first prove Theorem 1.2 and Theorem 1.4 in Section 2, because the ideas of our proofs of 
these theorems are quite similar. Theorem 1.4 contains a new result, and it is not assumed in the 
formulation of this theorem that the spectrum of A(t) lies in a half-plane Rez < — with \k\ > 
being a constant independent of t. 

Then we prove Theorem 1.3. The result of this theorem is used in the proofs of Theorems 
1.2 and 1.4, and is of general interest. It gives a bound on solutions to a nonlinear differential 
inequality. Results of this type, but considerably less general, were used extensively in [6], where the 
Dynamical Systems Method (DSM) for solving operator equations, especially nonlinear equations, 
was developed. 

The ideas of our proofs are quite different from these in (T). 

Theorem 1.3. Let g(t) > be defined on an interval [0, T), T > 0, and have a bounded derivative 
from the right at every point of this interval, g(t) := lim^+o g ('\ Assume that g{t) satisfies 

the following inequality 

g(t)<-r(t)g(t) + a(t,g(t))+p(t), t€[0,T); g(0)=g , (1.9) 

where f5(t) > and y{t) > are continuous functions, defined on [0,°°), and cc(t,v) > is defined 
on [0,o°) x [0,°°), a(t,v) is non-decreasing as a function of v, locally Lipschitz with respect to v, 
and continuous with respect to t on M + := [0,°°). 

If there exists a function }X > 0, continuously differentiable on R+, such that 

a(t, + 0(0 < -J- ( 7(0 - ttQ) > Vf > 0, (1-10) 



ju(0 M(0 V At( ? 

and 

sm< Wr <M1) 

then g(t) exists for all t > 0, that is, g(t) can be extended from [0, T) to [0, °°), and g(t) satisfies the 
following inequality: 

0<g(0<-^, V?>0. (1.12) 
H (t) 

lfg(0)<-^,then0<g{t)<^ V?>0. 

Inequality (1 1 . 12b was formulated in [51] under some different assumptions, but not proved there. 
We sketch its proof at the end of this paper. 

In HI inequality (11 .9b is studied in the case that includes tt(t,g) = cog p , where p > 1 and cq > 
are constants, as a particular case: the coefficient cq in J4[ was a function of time. 

Our second stability result is the following theorem. 
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Theorem 1.4. Assume that inequality d 1 -3b holds, 

Re(A(t)u,u) <-r(t)\\u\\ 2 , Vt>0, (1.13) 



and 



y(t) = n , q<U c\,q = const > 0. (1.14) 



Suppose that e & (0,ci) itf an arbitrary fixed number, X = (y) ^> (z 7 ~~ l)( c i ~~ £ ) — Q> an d 

IK0)||<f 

TTien the unique solution to fl.H - dl.2t exists on all ofM + and 

^^^WTtr^- (L15) 

Remark 1. One may change the formulation of Theorem 1.4 as follows: if for some positive 
constants X and V > inequalities (12.121 ) and (12.71 ) (see below) hold, then inequality \\u(t)\\ < 
m^_ t y holds for all t > for the solution to problem (1 1 - 1 b — dl.2| ), as follows from the proof of 
Theorem 1.4, given in Section 3. 

The rate of decay of the solution u(t) as t — > °°, obtained in Theorem 1.4, is not necessarily the 
best possible. The result in Theorem 1.4 is novel and interesting because no assumption of the type 
j{t) > 7o > 0, where jo is a constant, is made. This allows one to study, for instance, evolution 
problems with elliptic operators A(t) the ellipticity constant X(t) of which may tend to zero as 
t — > oo. Here X(t) is the smallest eigenvalue of the matrix atj(t) of the elliptic operator A(t). An 
example is given in Remark 2, at the end of the paper. 

We have assumed above that A(t) is a bounded linear operator, since this assumption is basic in 
the book Jll, and in the Introduction to our paper a comparison was made with the results in (TJ. 
However, boundedness of A(t) was not used in our arguments. If A(t) is a bounded linear operator 
satisfying the assumptions of Theorems 1.2 or 1.4, then one can guarantee the global existence of 
the solution to evolution problem (11.11 )— (11.21) . If A(t) is an unbounded linear operator for which the 
global existence of u(t) holds, then our arguments, which lead to estimate (11.151) . remain valid. In 
the example given in Remark 2, the operator A(t) = j(t)(A — I), where A is a selfadjoint realization 
of the Laplacian in H = L 2 (R 3 ), and / is the identity operator in H. For this A(t) one knows that the 
solution u[t) to problem (11.11 )— (11.21) exists globally, so Theorem 1.4 is applicable. 

In Section 2 proofs are given. 



2 Proofs 

Proof. (Proof of Theorem 1.2). 

Multiply (11.11 ) by u, denote g = g(t) := \\u(t)\\, take the real part, and use the assumption (11.13b 
with y(t) = | k\ = const > 0, to get 

gg<-\K\g 2 + c Qg P +1 , p>\. (2.1) 

If g(t) > then the derivative g does exist, as one can easily check. If g(t) = on an open subset of 
E+, then the derivative g does exist on this subset and g(t) = on this subset. If g(t) = but in any 
neighborhood (t — 8,t + 8) there are points at which g does not vanish, then by g we understand the 
derivative from the right, that is, 

y g{t+s)-g(t) g(t+s) 

g(t) := hm = hm . 

s s 
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This limit does exist and is equal to Indeed, the function u{t) is continuously differentiate, 

so 

lim K ' + J)l1 = hm \\u(t)+o{y)\\ = \\u(t)\\- 

s-»+0 S i->+0 

The assumption about the existence of the bounded derivative g(t) from the right in Theorem 1.3 
was made because the function ||w(f)|| does not have, in general, a derivative in the usual sense at 
the points % at which ||k(t) || = 0, no matter how smooth the function u(t) is at the point %. However, 
as we have proved above, the derivative g(t) from the right does exist always, if u(t) is continuously 
differentiable at the point t. 

Since g > 0, the inequality (12.11 ) yields inequality dl.91 ) with y(t) = \ tc\ = const > 0, (3(t) = 0, 
and a(t,g) = cog p . Inequality (II . 10b takes the form 

C ° <4r(V|-^T), V.>0. (2.2) 



iip(t) fi(t) V fi{t 

Let 

pL(t) = Xe bt , X,b = const > 0, (2.3) 
and choose the constants A and b later. Then inequality (12.21 ) takes the form 

co 



Xp-\ e ( P -\)bt 

This inequality holds if 



+ b<\K\, Vf>0. (2.4) 



^T + b<\K\. (2.5) 
Let £ > be an arbitrary small fixed number. Choose b = | k\ — e > 0. Then (12.51) holds if 

A>(-)^. (2.6) 

Condition (fTTTTT ) holds if 

||«o||=g(0)<|. (2.7) 



From (1231) . (Q ) and (1TTT21) one gets 

0<g(0 = K0ll < g ^ V ? >0. (2.8) 

Theorem 1.2 is proved. □ 

Proof. (Proof of Theorem 1.4.) 

We start with inequality (12.21 ). let 

H(t) = X(l+t) v , X,v = const >0, (2.9) 

and choose the constants A and v later. Inequality (12.21 ) holds if 

+ -^<^V> Vf>0. (2.10) 



XP-^l+tp- 1 )* l+t ~ 

If 



?<1, (P-1)V>?, (2.11) 
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then inequality (12.101 ) holds if 

^T + V< C1 . (2.12) 

Let £ > be an arbitrary small number. Choose 

v = d-e. (2.13) 

Then (12.121 ) holds if (1231 ) holds. Inequality (11.111 ) holds if (12771 ) holds. Combining (1231) . (12/71 ) and 
(11.121 ). one obtains 

0<K0ll=g(0< A(1+ 1 f)Cl _ e . V ? >0. (2.14) 

Choose X = )~ x . Then inequality (12.121 ) holds because of (12.13b . Inequality (ll.llb holds be- 
cause we have assumed in Theorem 1.4 that ||w(0)|| < i. Thus, the desired inequality (11.15b holds 
by Theorem 1.3. 

Theorem 1 .4 is proved. □ 

Proof. {Proof of Theorem 1.3.) 
Define 

v(t):=g(t)a(t), a(t):=A^ ds , *?('):= jj|y- (2-15) 
Then inequality d 1 -91 ) takes the form 

v(0 <fl(f)[« U,^W(/)], v(0)=g(0):=g , (2.16) 

and 

From inequalities (ll.llb and (II- 10b one gets 

v(0)<^y = T](0), V(0)<77(0). (2.18) 
Thus, v(t) < rj(f) on some interval [0,T]. Inequalities (12.16b . (12.17b . and (11.10b imply 

v(0<n(0, ?e[o,r]. (2.19) 

It follows from inequalities ( 12. 18b and ( 12. 19b that 

v(f) <*?(*) i V?>0. (2.20) 
From inequalities (12.20b and (12.15b one obtains 

a(t)g(t)=v(t)<ri(t) = ^r, Vt>0. (2.21) 

Since a{t) > 0, inequality (12.21b is equivalent to inequality (11.12b . This essentially completes the 
major part of the proof of inequality ( |1.12b . The last conclusion of Theorem 1.3 can be obtained by 
a standard limiting procedure. 

Let us explain in detail why inequality ( |2.21b holds for all t > 0. The right-hand side of inequal- 
ity ( 12.2 1 1 ) is defined for all t > 0. The function g(t), a solution to inequality dL9b , exists on every 
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interval on which v(t) exists, and v(t), the solution to inequality ( 12.161 ), exists on every interval on 
which the solution w(t) to the problem 

w(t)=a(t)[a(t,^ + P(t)], w(0) =v(0) (2.22) 

exists. It follows from inequality (12.161) and equation (12.221 ) that v(t) < w(t) on every interval [0, T) 
on which w exists. We have already proved that the solution to problem (12.221 ) (which also is a 
solution to problem (12.161 )) satisfies the estimate 

< wit) < -Vr (2.23) 

on every interval on which w exists. We claim that estimate (12.231 ) implies that w exists for all t > 0, 
in other words, that T = oo. Indeed, according to the known result (see, e.g., |2), Theorem 3.1 in 
Chapter 2), if the maximal interval [0, T) of the existence of the solution to problem (12.221) is finite, 
that is T < oo, then lim,^r_ow(f) = °°. This, however, cannot happen because of the inequality 
(12.231 ). since the function is bounded for every t > 0. 

Theorem 1.3 is proved. □ 

Remark 2. Let H = L 2 (R 3 ), A{t) = y(t)A, where A = A* is a selfadjoint operator in H which 
is the closure of a symmetric operator A — I with the domain of definition Cq(R 3 ). Here A is 
the Laplacian. Let y(?) be defined in (11.141 ) with c\ = 1, q = 0.5. let £ = 0.01, p = 3, cq = 
1, A = 10, V = 0.99. Assume that ||«o|| < (0.99) -1 . Theorem 1.4 yields the following estimate 
||w(0ll < 0.1(1 + f) _0 " for the solution u(t) to problem (0)-([L2l with the denned above A(t) 
and a nonlinearity satisfying condition (11.3b . 
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